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ON THE ACCRETION OF INHOMOGENEOUS VISCOELASTIC
BODIES UNDER FINITE DEFORMATIONS *

V.V. METLOV

A formulation is given of the problem of the state of stress and strain

of a continuously accreting body under finite deformations. The concept
of a deformation gradient in an accreting body taking the deformation
prehistory of the attached elements into account, is introduced. Boundary
conditions are considered on the growth surface, which differ from the
usual conditions in stresses or displacements. A solution is obtained for
problems on the accretion of an inhomogenecus viscoelastic cylinder
subjected to the preliminary deformation of the attached elements, to
twisting, stretching, and imprinting loads, as well as on the simultaneous
accretion and remcval of a hollow sphere. Results of computations for the
problem of winding a viscoelastic inhomogenecus cylinder with tension are
presented.

1. Kinematics of an accreting body. Governing equation. By the accretion
of a body we shall mean the continuous attachment of new elements to parts of its surface
(the growth surface). The model of a continuocusly accreting bedy can describe the process
of successive erection of structures, the gradual formation of a solid during a phase tran-
sition, the fabrication of bodies by means of winding, etc.

For fixed (non-accreting) bodies the reference description of the motion x = 4 (I. X) is
taken, where x is the radius-vector of a material point (particle) in an actual (running)
configuration, and X is the radius-vector of this point in a fixed reference configuratiorn.
The governing equaticn is here written inthe fairly general form /1/

Tt X)=@,(t —te F(X). X), F(. X) = Vyy (1. X) (.1

Bere T is the Cauchy stress tensor, @, is a functional dependent on the chosen reference
configuration %, and F'(X) = (F (¢. X) = F (t — s, X). 0 { s < >) is the prehistory of the gradient
F (1. X) of the deformation from the reference configuration x into the actual configuration
% (t) up to the running time t. The relationship (1.1) should satisfy the condition of invariarnce
relative to the Galilean space-time transformatiorn group /1/. Invariance relative to the shift
of the time origin results in the fact that for a body with properties varying with time the
functional @, can depend on the time t only by means of the difference t — {,, where ¢, is a
certain fixed time that can be taken as the time of body fabrication (generation). If different
elements of an ageing body are fabricated at different times ¢, = t,(X). then it possesses an
age inhomogeneity that was first investigated in /2/.

The feature of an accreting body is that it is impessible to fix any reference configuration
of its particles since it is continuously supplemented by new particles. The purpose of this
paper is to construct an analogue of the deformation gradient for an accreting body.

The triplet of numbers (t*.u,.u,) is the marker for particles being attached during
accretion, where 71* is the time of particle attachment to the body, and (u,. u,) are its
curvilinear coordinates on the growth surface S* (1%). In the general case, an arbitrary
three-dimensional parameter £. mutually related cne-to-one with the triplet (t*%, u,. u,). can
be taken as marker. Since different particles can be attached to the accreting body at different
times at the very sace point of space, or continuous attachement of particles in one site can
occur (for a fixed growth surface), the particle radius-vector at the time of its attachment
X (§) cannct generally be its marker.

Solving the equation x = ¥ (1. £) for [ and substituting ! = & (t. x) into the particle
velocity function ¥ (/. t). we obtain a spatial velocity field v ({. %) such that v (t.y (¢. ) =" (. %)
(here and henceforth the dot denotes the partial derivative with respect to time). If the
field v (t. x) is given, the motiorn % (¢. t) is found by integrating the ordinary system dy dt = Vv (I.
0. x (%) = X (§).

The second-rank tensors are hencefcorth treated as linear amppings of a three~dimensional
Euclidean vector space intc itself /1/. The composition (matrix product) of the tenscrs A
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and B is denoted by AB, and the result of tensor A acting on the vector a by Aa. The
matrix of the components A,' of the tensor A in some basis (ex)i=1. s,s is determined by the
expansions Ae;, = 4,'e; (summation is over repeated subscripts). The spatial argument X as
well as ! (respectively, X) is sometimes later omitted in the function. 1In equations
containing functions of the variables x and P (respectively, X) simultaneously, it is
assumed that these variables are connected by the relationship x =y (f, §) (respectively, x =
t, X)).

x 'Ige gradient F of a fixed body possesses the following properties.

1°, Let Q (¢, X)be the deformation gradient when the body passes from the configuration
% (1) into the configuration Y% (). We denote the spatial velocity gradient by G (¢t X) = Vv (¢,
%) hr=git, X The following relationships then hold (I is the unit tensor):

1
FtX)=Qt. X)F(t.X) Qu(t:X)={(I+ 6 (1, X)d1) (1.2)

The first formula is the rule of multiplication of gradients, and the second, which
represents @ (!) as a multiplicative integral /3/, is a consequence of the differential
Egs. /1/

Ft. X)=G¢ X)F(t,X), Q/(t X)=6 (¢ X)Q:(t, X) (1.3)

20, The density of the body mass in the actual configuration is p (t, X) = px (X):det F (1,
X), where p, is the density of the mass in the reference configuration; in particular p (¢, X) =
p (1, X)/detQ, (¢, X). Hence, and from (1.3) we obtain the equation of continuity /1/: ¢ + p divg
v =20
3°, On substituting a reference system generating an orthogonal transformation of space
with the tensor O (f). the deformation gradient is transformed by means of the formula /1/
F* (t) = O ()F (t).

At any time 1t satisfying the condition T > 1* (), the accreting body contains the
point t together with its neighbourhood. Therefore, the deformation gradient Q; (. &) can
be determined when the neighbourhood of the point } passes from the configuration ¥ (1) into
% (1) for any t>> 1> T* (§). We will here have

1
QG EH=6HQ1Y Q= {T+6(1Hd1) G.E="T(5,x) {1.4)
h 1

Extending the function Q. (1. §) in continuity to the point t = 1* (£), we obtain Q (1. §) =
lm Q. (1. &) (as T1-->1* (§) + 0), the gradient of the deformation when a body element passes
from the initial state into the actual state at the time of attachment. At the time of
attachment 1t* (), a body element in the neighbourhood of the pcint & can have a defcrmation
gradient F, (%) different from I with respect to a certain reference state because of the
prehistory of its deformation. Using the gradient multiplication rule, we obtain for the
deformation gradient during element passage from the reference to the actual state

F(rH)=Q.HF, (3 Q5= |\ 1—-G(nHdy (1.3)
(&
The gradient F (1. §). defined by (1.5), possesses the properties 1° — 3° on replacing X
by & and px (X) by p¢(§) ., the mass density of body elements inthe reference state. Using the
functional @ that satisfies the condition of independence from the reference system /1/, we can
write the governing equation for the accreting system in the form

Tt.H=P(t—tE) F (5 t>6@E L@ E) (1.6)

The initial state of stress T* (§) = @ (1* — ¢, F*", t) satisfies the equilibrium condition
with external force action on the growth surface S* (1*) with normal n

T* ) o =P (t* (£) x) amse o) (1.7

where P (f, x) is the stress vector acting on S* (f). The remaining three components cf the
initial stress tensor T* (!) as well as the tensor F, (§) = F (t* (}) ) are determined by the
prehistory F* of the element deformation in the neighbourhood of the particle t /4/.

Let us present the formula determining Q (7, §) for twc particular kinds of deformation.
Suppose the tensors G (1, ) commute for all 12> t* (}). Then

1
Q(t,§)=exp{ S G(r‘§)dr} (1.8)
™)

Let the initial radius-vector X (f) be one-to-one functions of § so that the motion can be
represented as a function of x =y (1, X). Then
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QL X)=Fi(t, X)F{' (**(X). X), Fy(t. X)="Yx1(t, X) (1.9)

2. Kinematics formulas in an accompanying basis. Let (F)im.s be a set of
marker coordinates § = f (1%, u; u,). As in /5, 6/, we introduce the basis vectors ¢ (f, Ij =
oy, (t, E)/OE, t > > (E). We set

e ()= T}(‘;‘(I;)M% (BB e’ =F e E) &;=/(ee;)

gt =(e*e*) g=(e"-€") &;(t,})=(g;— 8,2
where {a-b) is the scalar product. We then have

et =Qter H)=F e’ () QtY=e(tH e E) (2.1)
Ej==g,2" ®e?=1,(C~—I), C=FTF, F=e, Qe
Ezzei,e‘®ej=1/g(l~—B‘1), B=FFT
4
8 {t By =% (E) + R ey (r. B} dr, €ij'z*‘;—(gi;*“gij°)
™
e,-j(t,i)=1/2(v,-,,-—é~v,-,,-). vi,,-=(ei-Ge,~)

Here a&@ b is the tensor (dyadic) product of the vectors a and b /1, 5, 6/, E, and E,
are the first and second finite deformation tensors /6/, F7 is the transpose of the tensor
F.e;; and 1;; are the strain rate tensor components /5/,‘ D = (G + G7)2, and the 'spatial
velocity gradient in the basis e 2 e’ (1. £). (7). {e*') and (e') are bases reciprocal to (&°), {&*)
and (e;). and A™! is the inverse tensor to the tensor A.

3. Accretion law. Formulation of the boundary value problem. The process
of new element attachment to the accreting body is characterized by the flux density vector
of the substance being attached J (. x) on the growth surface S§* ({). Considering the mass
balance on the growth surface, we obtain the condition

X -n} 3.4}

Jn":".“*(Fn‘vn){s'zf):o‘ P*(§)=d72%5‘\‘(-5» sn=< I

Here p* is the volume mass density of the elements being attached J, <<{0and v, are the
projections of the vector J and the material velocity v on the external normal m to 8*. and
S, is the velocity of the motion of the surface S* along the normal n.

At the time ¢t = 0 let accretion of the initial body occupying the domain Q, start on
part of its surface S§* (0). Stress and displacement vectors, respectively, are given on
other parts of its surface S;(f) and 8§, (t;. The flux vector J {f,x) or the flux component
J, <0 along the normal to S§* (f} is given in formulating the boundary value problem on
S* (1}: furthermore, the value g, (E}] of the density, the magnitude P ({, x} and the prehistory

of the gradient FU =(F (1. E).v= [, (). ™ (5. F{(x* (§). &) = F,, (§). that satisfies condition (1.7}
as well as the vector b (f.x) of the mass force density are given, It is required to determine
the law of variation of the domain Q (f) occupied by the body, and the deformation (t. E)
satisfying the boundary condition (3.1) and the quasistatic equilibrium equation div,T =+ pb=
0, where T is defined by the relationship (1.6) and the density is p (f. E} = p, (E) detF (¢, &)

It is simultaneously necessary to find the deformation %, (!, X,Jof the points X, = {; of the
initial body that satisfies the equilibrium equation, the boundary conditions on S§; (i) and
S, and the conditions of connection with the grown part of the body.

4, On accretion of a viscoelastic hollow incompressible cylinder.  rLet
(Ry. Oy Zy) be cylindrical coordinates in the initial cenfiguration of the original hollow
cylinder Qg = {(H,, ©o. Zo): By < Ry < R,}. Starting with the time t = 0 its outer accretion
occurs with a radial flux vector of magnitude pJ/, (t), where p is a constant density. The
internal pressure p; (!} and external pressure p, (!} , the axial force P, {({} and the torgue
M, {t), that change continuously for zero initial values, start to act simultaneocusly. Let
{r, ¢, 2z} be cylindrical coordinates in space, and ¢ (t) the external radius of the cylinder.
We seek the spatial velocity field in the form

L=for g = (s, 0, = a(l)z “4.1

The incempressibility condition div,v (f, x) yields 8/'9r + fr 4+ a = 0, from which we find
{8 () is an undetermined function) )

.= —a{t)r2 -+~ p{Hyr {4.2)

Let ro (6. Ro). o lf, ©¢. Zo). 2o {t. Z,) be cylindrical coordinates of the running radius vector
x = %, (t. X;) of the point X, (R, 0,. Z,) of the original cylinder r(t, ™), ¢ (& %, ©.2). 2 (t. %, 2Z)
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are cylindrical coordinates of the running radius-vector x =4, (¢ §) of the point & = (t*, 8, 2)
of the grown part of the cylinder, where {8, Z) are particle coordinates at the time of its
attachment T* to the growth surface S§* (t*) = {(r, ¢, 2):7 = ¢ (™%}}. Integrating the ordinary
system corresponding to (4.1), and taking account of (4.2) we obtain

1
ret(t, Ro)= Rota (1,0) + {a (t. 1) 28 (1) dr (4.3)
&

1
a(f,t)=exp {—Sa(s)d‘s}
* t

Pt =c (et )~ et 020 dr

L

o (1, Oo, Zo) = O - Q-o(r.zo)w)dr, 20 (t, Zo) == —2re

n(t 0)
1 z
¢t 1*. 0. Z2)=0 > K y{t)z(r, ™% Z)dr, z{l, 1%, Z)zm
1'
We use the relationships /1/
8

Vx\(f \)——— XI e;, ,‘/hl ek-_-.—-a:x{ (4_4)
2.9 -

i":%T‘ A=A/ |e; |- |h]

in calculating the deformation gradient, where & (x) and X' (X) (k. 1=1,2,3) are arbitrary
coordinate systems in the actual and reference conflguratmns, {(h;-h}) = 6 , and A,; are physical
components of the tensor A = AFe, 7 h! in the orthcgonal curvilinear cocrdinate systems -
=" (x)) ana (X' (X)).

For points of the grown domain it is first necessary to express the coordinates at the
time t in terms of coordinates at the time 71> t*. The corresponding formulas have the form

H
Py=ritja(t 1)~ ga(‘f,.v)iﬂ(s)ds (4.9)
. T
¢O=q0)=\¥E:()d )=z:()alt.1)
T
Let e; (x) and e, (X)) denote unit vectors of ‘-He basis in the cylindrical coordinate
system in the actual and initial configuraticns *E)=e (N(E).i=1.2.85 X (t ) =y (™ (3). D).
Evaluating the tensors F, (1. X,) == Vy .. X} ané QY (t. ) by means of (4,3)-(4.5) and letting
T— 1t*. we have for the non-zero physical components of the tensecrs F, (1, X ) = F;" {t. Rye; (x)
Ze; XKy and Q{t, &) = @i; {t, ™ e; (x) & e;* (}) the following relationships:

= (AB,)™", On = (4,B))7. Fy)’ = By, O, = B, {4.6)
Foid = Cpy Qo = €. Fys® = Ay Qps = 4,
Ag=alt, 0)?, A4; = alt. )
By =r,({, B)/Ry. B, = r (1, v™*)c (1*)

t t
Co=ro{t, Ro)§a(r, 071y ()dt, Co=r(t.1%) { a(r, 1)1y (1) dx
[ L
Let the gradient prehisteries (F (1. §). ¢, {§) < 1< 1*) satisfy the relations ¢, = {, {**}, F =
Fy (™) g (v, B) @ g7 (B where {g:(t, §)) is an orthonormalized basis such that  g; (t*, §) = e;* (§),
g°(8) = gi (8, ). The matrix of the components Fy (r, 1) here has, for T & {f, 1*], the structure
(4.6) with parameters A4, B, C, dependent cn 1 and T%. A continuous model of the accretion of
thin-walled tubes experiencing torsion bv preliminarv deformation, axial tension, and impression
/1/ can be an illustration of the deformation prehistory considered {(comparewith (4.3) and (4.6))

r=VFRe@t)r b)) o=0+Y(t)Z, z=e@)Z 4.7
The total deformation gradient for ¢ »1*(f) will be (F,() == Fr{1*)e* G Rg°E)

Fit, )=Q@t: )F =0 (t. ™M F* (e () Q 65 (F) = Fu (b e () Q& ) (4.8)

Multiplying the matrices (4.6) according to (4.8) we obtain the following expressions
for the non-zero components Fy; (t, t*) (t > ™)

= (AB), Fpy =B, Fpu=C, Fys = 4 4.9
A = A%A,, B = B*B, C = C*B, + A*C,
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A* = A, (1%, 1*), B* = B, (v*, 1*), C* = C, (1", 1*)

We take the viscoelastic analogue of the equation for a neo-Hookean body proposed for
rubberlike filled polymers* (*Adamov, A.A. Construction of the equation of state of a visco-
elastic weakly-compressible material under finite deformations. Candidate dissertation.
Perm, Ural Science Centre, USSR Academy of Sciences, Institute of Mechanics of Continuous
Media, 1979.)

=—pl +F(@)L(t—to, [[—C1tr C/3))FT(t}y C=FTF (4.10)

as the governing equation.
Here p is the hydrostatic pressure, L is a linear functional acting according to the
rule (¢'(s) = g (t — s)):
1—1, [
Lt—tug)= § pt—tot—to— $)du¢' (5) = (1t —to, T— 20} dop () (4.11)
[ i

For small deformations (4.10) becomes the governing eguation of linear viscoelasticity
T=—pl + 2L —1t, [E—~ ItrE/3)), where E is a tensor of infinitesimal deformations.
Therefore, if the body is subjected to the governing Eq. (4.10), then p(t — £, T — {,) is the
relaxation function for small shear deformations.

The tensor C (1, &) for 1, < 1 < ™ equals

CrB)=(F;1 ™M E gt (Fu(r. ™ (HRg" B)= (4.12)
Fotvu™ Fa(r. gl B 2e @)
We similarly cobtain
Cty)=g°@ Reg O Fult, ™) Fy0 1) t= (4.13)
According to (4.12) and (4.13), the non-zero components of the tensor C (f, ) are the
following for all ¢ >t (t*) in the basis g,° (§) ® g,° (%) :

Ciy = (AB), Cpy = B*, Cpy = Cgp = BC, Cyp = C* + A* (4.14)

Here all the components are functions of t and t™ and for ¢ <1 we have 4 =4, B = B,.
C = C,. According to (4.10) and (4.14), the non-zero components of the tensor H =T + pl
are equal in the basis e; (x) X e; (x). tc

H,, = (AB*L (t — to. 1 — (AB)*1}]Y 4.13)

Hy =BL{t —1, |1 —(CA4B? -~ BH 1)) —
(C* —2BCY L (t — 1. @), Q = A™2B™(C],
H,y=Hg, = —ABL (t — 1, Q) + ACL (t — 15, [{ — A7 )Y
Hoo= AL (t —t, {1 — A™)), I, = {AB)™ + B* = C* ~ A% 3

{

k3

The components of the tensor H in the basis e; (x) &0 e; (x)have the form (4.15) also for
points of the original cylinder if A,B,C are replaced by A, B, Co The time ¢, can depend
on R, for points of the original cylinder l(age inhomogeneity); the kernel p can also contain
an explicit dependence on R, (respectively, on t* for points of the grown part), i.e., po==
u(t. 1. R, (respectively, = p (1. 1. T%)). Under these conditions the components of the
tensor H depend only on t and R, (t and t*, respectively). From the relationships (4.3) we
find theinverse functions R, = R, (f.r) and t* = t* (t,r); by substituting them into the
functions H;;(t, R) and Hy (t, 7*) we obtain that H,; = H; (¢, r). Hence, and from the
equilibrium equatior. div, (H — pI) = 0. we will have

6,0, — 01 =0, 8p =0, 6,p =0 (4.16)
O, = Iy Og = T, 0, = Ty
6=0q—0, T=T,e(x) e;(x)

and analogous egqualities for points of the coriginal cylinder. Hence
p=p.ry, Ty;=Ttn {447
g (t. r)=—p; Y+ Vo(t, 1) — V°(t, re (t, RY))
re{te B r ol Ry)
g ({t. r) = —p (1) + Vi, ny—V(t c(),
rit. )y Lr<Lel(t)

o F(t.ryd s(t.ryd
1 (,,,)=S_=__<_ru_| v(,,,)=s_(_1_'_

r
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where 0,°, ¢° refer to points of the original cyliﬁa'ér'.
From the governing Eq.(4.10) we have

o=Hy—Hy, 0, — 0, =Hyy—Hy, (4.18)
Tog= Ty =Hyy Ty = Tys=0

and analogous equalities for points of the original cylinder. Therefore, the deformations
and stresses are expressed according to (4.3), (4.6), (4.9), (4.15)-(4.18) in terms of the
undetermined functions of the time a (), B (£).¢ (f) and ¢ (t). The system of equations to
determine them consists of the continuity condition for the radial stress on the boundary
of the initial and grown domains (see (4.17))

VoAt ro (t, Ry)) — VP (6, ro ( R)) + V(L e (1)) — (4.19)
Vi, r(t, 0) = (pi — p} (1)

the equilibrium equations of the cylinder endfaces

ety

2 { o(tryrdr=P.() (4.20)
7,(t, R))
e(t)

o § Tu, nrrdr=M, ()

rof, By)

(where the zero superscript has been omitted, for brevity, on the functions of points of the
original domain), and the accretion condition (3.1)

deidt = Jo{t) —a (e ()24 B {t)e(t), Jo() > 0 (4.21)

For a numerical example, we set M, =0 and « (1) =0 (plane deformation). Let pi(h=0 and
pe{ty = 0. Therefore, there are no external loads, except »P,. If there was no prelimipary
deformation here, i,e., Fir,5) =1 for i1, <t<1*, then there would be no stress (and P, = 0). Let
2, (1*) = 1t* — 0, and the preliminary deformation will ke the elastic instantaneous deformation at
time 1* of the form

F.(i)=f:1€1‘891'+F‘°2'®€s'+93'®ea‘y F.=F‘(T.)

The formulation of the problem under consideration can be the model of a cylinder
accretion process by means of winding with tension. The magnitude of the force o¢.* during
winding is determined from (4.10): g,* = G{0)(F 2~ F,7%, where G()= p(, 1} is the shear modulus.

The problem reduces to determining the functions B (1) and ¢(?) from the system (4.19),
(4.21). We make the change of variable r=r,(t, R;) in the integral over the original cylinder
in (4.19), and r=r{t, s) in the integral over the grown part, where according to (4.3)

rd(t, Ro) = R+ 2b (1), r2(t, s\=ct () +2(b(1)— bis), b =§ B(t)dt, b(0)=0.

After changing the order of integration, Eq.(4.19) in the presence of just the age inhomogeneity
in the grown part will take the form (L {R)=0)
i i
§rie, ot e v mar+{Karembupar=0 (4.22)
o H

3

. L. 1

Ky = Zl\w Kn=-rp, e
fa=]

B 20 (0B (1) BOI[I=26(0y] | By -+ 4b(T)

¢y = Y426 (1) b7 (1) (¥ -+ 26 {1))*
A 2 T w1 (o1, 8) (4 + 2wt (1. 8))
Ku=7g g YT ds
[1
. 2 W (2. 1.8) (4 4+ 2w (T, 5))
f\m=—3— ‘\ ) (t,-:) ds
0

plna=pt—s1—sJo(s)e(s), wlr,s)=r2(1r,s) F{/ 2 (s)
tAT=min(t, T)
Kp=Vyu(t, T 0IQ? (QF,2 = F, 2~ 1) — Q-2 (2F 2 — F 2 ~
D/, 1
Q=r{t, /e(m Foe=F, (1)
where T is the time of growth termination.

After discretization of the time, system (4.21) and (4.22) wassolvedbya step-by~step
method. Eq.(4.21) was integrated by Euler's method; the integrals in (4.22) were evaluated
by the rectangle formula. The non-linear equation in the guantity §;= B (t5), t; = jAt, where At
is the integration spacing, was solved at the j-th step by successive approximations, where we
have for the (n+ 1)-th approximation ™V () = () + ﬁ;")At. B0 = 0. The correctness and
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accuracy of the calculations were checked by verifying the equilibrium Eg.(4.17). The modulus
G was assumed to be constant in the computations, and the kernel p is given by the formula
/7/ {time is in conditional units)

pit, 96 =1 —q{t) {§ —expl—y(t — ]}
gty =C+ A exp(— 1)
C=1005 A=075 B =00, y=01

The ratio of the characteristic ageing time B! and the relaxation time ¢! is in the
tens, which corresponds to data on polymer ageing /8/. The stresses are measured in units
of G and the distance in units of the inner radius R, Let us give the following parameters:
Ry=14.2; Fy, =12;J,T =08 . We have thereby fixed the sequence of raising and lowering /9/. We
show in Fig. 1 the time dependences of the functions () and »{) for 7=100 (solid line)
and T =20 (dashes); the dash~dot line is the dependence of the outer radius c(?) on time in
the absence of tension (F, = 1). Diagrams of the stress o= |o,|—|0;|, respectively, at the
time of growth termination ¢=7 and at the time := 74 50 (the steady~state value of the
residual stress), for T =100 (solid line), and for T = 20(dashes) are shown in Figs. 2 and 3.

Growth of the compressive stress in the original cylinder occurs during accretion because
of the pressure of the pre-stretched elements; the initial stress o ({(t*)=0.746 in the attached
elements relaxes simultaneously. For 7= 100 the relaxation of the tensile stress in the
attached elements is developed to a greater degree than for T=20 (Fig. 2), which results in
a lower pressure on the original cylinder and less intensive creep (Fig. 1). After termination
of the accretion, the creep rate changes sign and relaxation of the residual stresses occurs
at 2ll points of the cylinder. For T = 100 the cylinder is stiffer (because of ageing) and
more inhomogeneous than for 7= 20. <Consequently, the process of residual stress relaxation
for T =20 is very much more intensive than for 7T = 100. Hence, although the compressive
stresses at the end of the accretion are twice as great for 7T = 20 than for 7T =-100 (Fig. 2},
the residual stresses being relaxed at 7 = 20 are less than at T =100 (Fig. 3).

5. Accretion and reduction of a sphere. We shall understand reductien to be
the opposite of accretion, i.e., a continuous decrease in the mass of a body because of removal
of elements from parts of its surface {(reduction surface). The reduction process can be
given by conditien {3.1) on the reduction surface where J,>0,J is the flux density of the
substance being removed from the surface X 't* is replaced by &°%6t, x° (¢, u;. u,) is the radius-
vector of points of space that belong to the reduction surface S°(t). (u;, u,) are curvilinear
coordinates on this surface, and p* (}) is replaced by p (1. X) = p, (X)/det F (. X). The kinematics
in a decreasing body and the boundary conditions for the stresses are the same as for a fixed
bedy.

Let {R. ©. A)be spherical coordinates in the initial configuration of an original hollow
incompressible sphere Q.= {{R, Q. A R, < R R} At the time t =0 simultaneocus reduction
of the sphere from within and accreticn from outside starts with radial vectors of the flux
of the magnitude pJ; (!} and pJ, (), respectively {p is a constant density). Internal and
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external pressures p;{f) and p, (!} that change continuously under zero initial conditions; act
here. The spatial velocity field in the spherical coordinates (r, g, A} will be

vy = f (1, r)v Vg = 0, u =0 (51)

The incompressibility condition divyv = 0 yields 8f/or + 2f7 = 0, from which F.r =P (@)r,
where B (1) is an undetermined function. From (5.1) we have
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rd (t, R) = RS+ 3b @t); P (8, 1%) =23 (1) + 30 () — b (r*)) (5.2)

where ¢, {t) is the outer and ¢;{¢) the inner radius of the sphere at the time t (the remaining
notation is analogous to the notation in Sec. 4).
For radial motion of the material points

€ (%) lrmyet, p =0 (X (B)) =% (§)
X =o(r*E)3
& (X) =g m=6(X) XEQ

where e;{x}) are unit vectors of the basis of the spherical coordinate system. Taking account
of the initial deformation F,(f)=F,(T*)(e;* De:* -+ &s* R &s*)4- F3’ (1*)e;* @ &*  we obtain
F(t.5)=F (. 1%)(e* R e* +e* R eg*) + F2(t, ) e* R ey* (5.3)
Fo(t, X) =Fo(t, Ry (e: &2 ¢, T €3 R €5) +
F 2 (t, Rie, § e, &; = ¢; (X}
Ft, v™) =F,(t*)r{t )¢ (%)
Fo(t. By =ry (t, RYR, X=X (R,0,2)
An arbitrary dependence of the kernel p on R is allowable in the governing Egs. (4.10})-
{4.11) for the original cylinder and on 7™ for the incremental elements. Also admissible for
the latter is any preliminary deformation of the form

Fr)=F(e*Qe*+e* Q&)+ Flle* Qe*
Fl = FI(T! ‘l’*), to("‘)<"<7*
Under these conditions, we have for non-zero physical components of the stress tensor

Op =0, 6 (t, 1) = F* () L{t —t,, [t — F?L)) — (5.4)
Fo)L(t—ty [1 — FLY), 1) = (2F* + F~4)/3
G == O — O

For brevity, the zero superscript is omitted here on the guantities Fy, 0,° 0,°, 6,°, that
characterize points of the original sphere; also omitted is the argument T* (R, respectively)
for the functions {, and F, and the inverse functions t* (t,r)and R (f,r) inverse toc (5.2) must
be substituted in place of t* and R. 1Integrating the eguilibrium equation 6,0, = 207, we
obtain

ot r)= —p; () =V (t.r) — V° (2, ¢; (1)) (5.5)
re<le; (), ro {f, Ryl

o, {t,ry= —p {t) — V{&, ) — Vit ¢ (N

re it 0), ¢ (1)

V(l.r}:.?g :(l.rr)dr 3 (t, r)dr

s Ten=2y

The system of eguaticns to find the undetermined functions B (1), ¢; (t)and ¢, () include the
continuity condition for the radial stress on the boundary of the original and accreted domains

{see (5.5)) .
TP trg {8 By — Volt, e, )+ V (T, () — {3.6)
VA r(t 0) = (g — p) (O

and the accretion (J, >> 0} and the reduction (J; > 0)

d B i) de; B (t)

—_ = ERUN 0 e T S PR LY 5.7

= = Je (1) xR =J;(t) + o) (3.7)
This research was announced in /10/. After it had been sent to the editor, paper /11/

was published where another formulation is given of the problem of finite deformations of a

growing body. The author is grateful to N.Xh. Arutyunyan for supporting the research,
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STABILITY OF BODIES MADE OF NON-HOMOGENEOUSLY
AGING ANISOTROPIC, VISCOELASTIC MATERIAL *

V.D. POTAPOV

Results of the study of stability of compressed rods made of a non-
homogeneously aging viscoelastic material are generalized to the case
of an arbitrary body with anisotropy.

Let us consider a body acted upon by volume forces F and surface loads q applied at the
boundary of the body S, in an orthogonal z;(i=1,2,3),F = {F;},q = {¢g;} coordinate systenm.
The points of the body undergo, under the action of these forces, the displacements u; (¢, x)
determining the trajectory of the unperturbed motion.

Let us assume that in the initial state the body has a small initial distortion av®(x).

In this case the body undergoes additional displacements av; (f, X) so that the total displacement
is u* = u; + a(v; -+ ¢,°). The parameter a is introduced arbitrarily (and can be assumed equal
to unity). The motion of the body determined by the displacements u;* will be called
perturbed, and the displacements av; will be called perturbations.

Let us introduce the displacement norm (V is the volume of the body)

uu h == ( Uy dVJl/' .

bt

Here and henceforth the repeated indices denote summation.

Definition. An unperturbed motion of a viscoelastic body will be called stable, if for
any number 4 >0 a number & = §(4) >0 can be found such that for any initial distorticn
av;’ satisfying the inequality =z v°| < 8. the corresponding displacements au; satisfy the
inequality allvli< 4. 0t < .

If the motion of the body is studied within a finite time interval [0, Il and the critical
value of the displacement norm || v|{|* is given, we can speak of the critical time i,, defining
it as the instant at which the displacement norm al| v|| first attains the value || v|/*: amax|jv
mii<ivi*, 0<t<t, with allv()ll=Ivi*

We shall call the body stable in the time interval [0, T, if £, > 7.

Analogous definitions of stability were used in connection with the non-homogeneously
aging viscoelastic rods in [1, 2] whexe sup|y (¢, z)|. 2= 10, Il (I is the rod length) was used
as the rod deflection norm. hx

Assuming that the deformations are small, we write the equations of state for the material
in the form /1/

0i;=(Eijur— Risir) €t , M)

Esn=CFut+px) Riymen= S Rfmexg (t)dt,  Ripu= R (t + p(x) T+ p(x))
[

The moduli of elasticity £E;p; and relaxation kernels Rfj,,, of the material satisfy the
following relations:

*prikl. Matem.Mekhan.,49,4,648-654,1985,



